Abstract. The generalized symmetric groups are defined to be the groups Gðn; mÞ ¼ Z m o S n where n; m a Z þ . The strong symmetric genus of a finite group G is the smallest genus of a closed orientable topological surface on which G acts faithfully as a group of orientationpreserving automorphisms. The present paper extends work on the strong symmetric genus by Conder, who studied the symmetric groups, which are the groups Gðn; 1Þ, and the author, who studied the hyperoctahedral groups, which are the groups Gðn; 2Þ. We determine the strong symmetric genus of the groups Gðn; 3Þ.
Introduction
The strong symmetric genus of a finite group G, denoted by s 0 ðGÞ, is the smallest genus of a compact orientable surface on which G acts as a group of orientationpreserving symmetries. The study of the strong symmetric genus has a long history, dating at least as far back as Dyck [6] , Hurwitz [11] and Burnside [1, Chapters 18, 19] . For more general information see [10, Chapter 6] . The strong symmetric genus of many groups has been determined: the alternating and symmetric groups in [2] , [3] , [4] , the hyperoctahedral groups in [12] , the remaining finite Coxeter groups in [13] , the groups PSL 2 ðqÞ in [9] , [8] and SL 2 ðqÞ in [16] , as well as the sporadic finite simple groups in [5] , [19] , [18] , [17] .
The generalized symmetric group Gðn; mÞ is defined for n > 1 and m d 1 to be the wreath product Z m o S n . The symmetric groups are the groups Gðn; 1Þ, and the hyperoctahedral groups are the groups Gðn; 2Þ. In this paper we will find the strong symmetric genus for the next family of generalized symmetric groups, the groups Gðn; 3Þ.
We will prove the following two theorems and a corollary:
Theorem 1. For all n > 33, the generalized symmetric group Gðn; 3Þ is a quotient of the triangle group Tð2; 3; 12Þ ¼ 3x; y; z j 
Subgroups and generators of the generalized symmetric groups
We fix n d 3 and a prime p d 3, and we consider the generalized symmetric group Gðn; pÞ. We write an element of Gðn; pÞ as an ordered pair ½s; b where s is an element of S n and b is an n-tuple of elements in Z p (that is, an element of ðZ p Þ n ). The multiplication then becomes ½s; b Á ½t; c ¼ ½st; t À1 ðbÞ þ c where addition is the operation in the group Z p performed in each position of the n-tuple. Definition 4. We say that an element b a ðZ p Þ n is divisible by p if the sum of the terms of b is the zero of Z p . We can define a group homomorphism S : ðZ p Þ n ! Z p taking each n-tuple b to the sum of its entries. Notice that S is invariant under permutations of b, and that b is divisible by p if and only if SðbÞ ¼ 0.
Let p be the projection map Gðn; pÞ ! S n . The next proposition is well known (see [14, Lemma 2] ).
Proposition 5. For n d 5, let G be a subgroup of Gðn; pÞ with pðGÞ ¼ S n ; then G is a split extension by S n of one of the following:
In the first two cases, G is isomorphic to S n and Z p Â S n respectively. In the third case, G ¼ f½s; b a Gðn; pÞ : b is divisible by pg, while G ¼ Gðn; pÞ in the last case.
The next proposition constructs generators of Gðn; pÞ from generators of S n . Proposition 6. Suppose that s and t generate S n and that oðsÞ ¼ 2 and oðtÞ ¼ p for some odd prime p. Assume that t fixes a point i a f1; 2; . . . ; ng, and if n C 1 mod p assume in addition that st has a cycle not containing i of length coprime to p. Let l be the length of the cycle in st that contains i. Let b ¼ ð0; . . . ; 0Þ a ðZ p Þ n and c ¼ ð0; . . . ; 0; 1; 0; . . . ; 0Þ a ðZ p Þ n , where the 1 is in the i-th position. Then ½s; b and ½t; c generate Gðn; pÞ. Furthermore ½s; b, ½t; c and ½st; t À1 ðbÞ þ c have orders 2, p, and gcdðoðstÞ; plÞ respectively.
Proof. Let G ¼ 3½s; b; ½t; c4 H Gðn; pÞ. Notice that any section s : S n ! Gðn; pÞ with p s ¼ id S n takes a a S n to some ½a; a where a is divisible by p. Clearly ½t; c cannot be in the image of any section homomorphism and so G is not isomorphic to S n . Similarly since ½t; c is not divisible by p, G is not a split extension of S n by ðZ p Þ nÀ1 by Proposition 5.
Suppose that G is a split extension of S n by Z p . For some section homomorphism s : S n ! Gðn; pÞ we have G ¼ ZðGðn; pÞÞ Â sðS n Þ. We can choose d a ðZ p Þ n such that for each ½a; a a G, a À1 ðdÞ À d À a has the same entry in each position of the n-tuple. If t fixes some element j A i, then t À1 ðdÞ À d À c has di¤erent entries in the ith and jth positions; therefore n C 1 mod p. By hypothesis, st has a cycle w of length not divisible by p and not containing i. is divisible by p and ðstÞ À1 ðdÞ À d À c is divisible by p, so c must also be divisible by p. Clearly this is a contradiction to the definition of c.
By Proposition 5, the argument above implies that G ¼ Gðn; pÞ. The results about the orders of ½s; b, ½t; c and ½st; t À1 ðbÞ þ c follow from an easy calculation. r
A generalization of a result of Singerman
We begin this section with a result about the orders of generators of generalized symmetric groups.
Lemma 7. Let G ¼ Gðn; pÞ be a generalized symmetric group with n > 3 and a prime p > 2. If x 1 ; x 2 ; x 3 ; . . . ; x n are generators of G and y is their product x 1 x 2 x 3 . . . x n , then least two of the elements y; x 1 ; x 2 ; x 3 ; . . . ; x n have order divisible by p.
Proof. Notice that Gðn; pÞ is defined as a split extension as follows:
In addition we have s : S n ! Gðn; pÞ with p s ¼ id S n . For each x i , we let
z i is in the kernel of p and so in the image of i. Let y i be the unique preimage of z i under i. Consider the group homomorphism S : ðZ p Þ n ! Z p . Since the elements x i generate Gðn; pÞ, at least one Sðy i Þ must be a generator of Z p . If Sðy i Þ is a generator, then the order of x i is divisible by p. Also if only one of the elements Sðy i Þ is a generator of Z p , then Sðy 1 y 2 . . . y n Þ will also be a generator of Z p and then the order of x 1 x 2 x 3 . . . x n is divisible by p. r If a finite group G has generators x and y of orders p and q respectively with xy of order r, then we call ðx; yÞ a ð p; q; rÞ generating pair of G; it is called minimal if
is as large as possible for a generating pair of G. The next result is a generalization of a result of Singerman (see [15, §4] ). Theorem 8. Let G ¼ Gðn; 3Þ be a generalized symmetric group with n > 3. If jGj > 6ðs 0 ðGÞ À 1Þ, then G has a ðp; q; rÞ generating pair with
Proof. Let g ¼ s 0 ðGÞ and S g be a surface of genus g with an orientation-preserving action of G as a group of automorphisms. Because the groups of small strong sym-metric genus are known we have g d 2. Let S h ¼ S g =G, and let ðh; m 1 ; m 2 ; . . . ; m b Þ be the branching data for the covering. The Riemann-Hurwitz equation gives
We must show that h ¼ 0 and b ¼ 3. Since jGj > 6ðg À 1Þ, the Riemann-Hurwitz equation immediately implies that h c 1. If h ¼ 1, again by the Riemann-Hurwitz equation, b ¼ 0; however, this cannot happen since G is not abelian. Therefore h ¼ 0. From the Riemann-Hurwitz equation, it is immediate that b is either 3 or 4; however b cannot be 4 because each m j must be greater than 1 and at least two of the integers m j must be divisible by 3. r Corollary 9. Let G ¼ Gðn; 3Þ be a generalized symmetric group with n > 3. If G has a ðp; q; rÞ generating pair with
for a minimal ðp 0 ; q 0 ; r 0 Þ generating pair.
Proof. If G has a ðp; q; rÞ generating pair, then 
Proofs of Theorems 1 and 3 and Corollary 2
Consider the triples ðp; q; rÞ such that a generalized symmetric group Gðn; 3Þ could have a minimal ð p; q; rÞ generating pair. Since S n is a quotient of Gðn; 3Þ, at least two of p, q, and r must be even. In addition, by Lemma 7 at least two of p, q, and r are divisible by 3. The triple ð2; 3; 12Þ is the best possible triple satisfying these two conditions and giving a genus bigger than 1.
Proof of Corollary 2. By Theorem 1 we have a ð2; 3; 12Þ generating pair for Gðn; 3Þ when n > 33; therefore, by Corollary 9 the strong symmetric genus of Gðn; 3Þ is given by the ð2; 3; 12Þ generating pair when n > 33. r Proof of Theorem 1. For each n > 33, we need a ð2; 3; 12Þ generating pair for the group Gðn; 3Þ. We start by finding a ð2; 3; 12Þ generating pair ðs; tÞ of S n . Using coset diagrams such a generating pair can be exhibited (see [2] , [13] , [12] ) with the property that t fixes some i a f1; 2; 3; . . . ; ng and such that the cycle of st containing i has length 4. If in addition 3 j ðn À 1Þ, then st has a cycle of length not divisible by 3 and not containing i. Then applying Proposition 6 gives the necessary generating pair for the group Gðn; 3Þ. (See the example below.)
Coset diagrams can be exhibited individually for 33 < n c 63; beyond that, diagrams can be constructed recursively by adding an additional piece to a diagram for n À 12 (see the process in the example below and in [12] ). To show that the elements (s and t) in the coset diagram generate S n one demonstrates that 3s; t4 contains a p-cycle z for some prime p < n À 2 such that z contains elements a; b a G as well as sðaÞ and tðbÞ, where a and b may be equal (see [12] ). r Proof of Theorem 3. A ð2; 3; 12Þ generating pair for Gðn; 3Þ can exhibited for each n a f16; 19; 20; 22; 23; 26; 27; 28; 29; 30; 31; 32g using coset diagrams. Again this is a minimal generating pair because it is the best possible triple satisfying the above conditions.
For the remaining groups Gðn; 3Þ, the triple ðp; q; rÞ for a minimal generating pair is given in Table 1 . These results were obtained using GAP [7] and by eliminating possibilities using simple group-theoretic arguments and proving that certain coset diagrams cannot exist. r
We will end with an example of ð2; 3; 12Þ generating pairs for Gð34; 3Þ and Gð34 þ 12k; 3Þ for any positive integer k. We start with the coset diagram for S 34 shown in Figure 1 . Each vertex of a triangle or endpoint of a line segment represents one letter permuted by our permutation group. The triangles represent 3-cycles (in the counter-clockwise direction) in the element t, while the other lines and curves represent 2-cycles in the element s. From the diagram we see that 3t; s4 is a transitive permutation group on 34 letters. To see that it is S 34 we need to show that it contains a p-cycle z for some prime p < 32 such that z moves letters a; b as well as sðaÞ and tðbÞ, where a and b may be equal (see [12] ). Notice that ðsðtsÞ 5 Þ 63 is a single 17-cycle with the appropriate letters a and b; therefore 3t; s4 ¼ S 34 . Now to obtain generators of Gð34; 3Þ we use Proposition 6 taking the vertex Ã in Figure 1 as the letter i. In Beginning with the coset diagram in Figure 1 , we can append the piece in Figure 2 by attaching the vertices labelled Ã in Figure 2 to those labelled # in Figure 1 . This gives us a new coset diagram representing generators of S 46 which satisfy the conditions of Proposition 6. We are left with two new vertices #, and so we can proceed recursively to get generators for S 34þ12k for each positive integer k. In each new diagram, with s and t defined as above, ðsðtsÞ 4 Þ 12 is a single 7-cycle with a letter a as well as sðaÞ and tðaÞ; it follows that s and t generate the appropriate symmetric group. In addition the remaining vertex labelled Ã will still represent the i in Proposition 6 and the quadrilateral in the diagram guarantees that st has a transposition; therefore for each diagram the hypotheses of Proposition 6 are satisfied and we can construct a ð2; 3; 12Þ generating pair for Gð34 þ 12k; 3Þ.
